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The  non l inea r  hea t  conduct ion  p r o b l e m  is so lved  by  the method  of s u c c e s s i v e  a p p r o x i m a t i o n s  
and, in connec t ion  with it, the feas ib i l i ty  of d e t e r m i n i n g  the t e m p e r a t u r e  c h a r a c t e r i s t i c s  of 
the t h e r m o p h y s i c a l  p r o p e r t i e s  is a lso  cons ide r ed .  

P r e s e n t  nons t a t i ona ry  me thods  of d e t e r m i n i n g  the t h e r m o p h y s i c a l  c h a r a c t e r i s t i c s  a r e  b a s e d  on so lv -  
ing the  l i nea r  equat ion of  hea t  conduct ion,  which l imi t s  the i r  appl icabi l i ty  i n so fa r  as  the ope ra t i ng  t e m -  
p e r a t u r e  r ange  m u s t  be suf f ic ien t ly  n a r r o w :  the m o r e  s t rong ly  the t h e r m o p h y s i c a l  p r o p e r t i e s  depend on 
the t e m p e r a t u r e ,  the n a r r o w e r  m u s t  that  range  be.  In o r d e r  to extend the appl icabi l i ty  of  nons t a t i ona ry  
me thods ,  it is n e c e s s a r y  to solve non l inea r  equat ions  of hea t  conduct ion.  

Var ious  a p p r o x i m a t e  me thods  of  so lv ing  non l inea r  equat ions  a r e  known, but only a few of them a r e  
sui table  for  the d e t e r m i n a t i o n  of  t h e r m o p h y s i c a l  c h a r a c t e r i s t i c s .  The method  of a sma l l  p a r a m e t e r  was  
u s e d  in [1-4], the me thod  of  in teg ra l  subs t i tu t ions  was  used  in [5], and in [6, 7] the t e m p e r a t u r e  f ield was  
sought  in t e r m s  of power  and funct ional  s e r i e s .  

In this a r t i c l e  we will  use  the solut ion to the non l inea r  equat ion of heat  conduct ion  which has been  
obta ined  by the me thod  of  s u c c e s s i v e  app rox ima t ions .  

where 

The equat ion of hea t  conduct ion 

can be r e s t a t e d  as  

Ot div (~ (t) vt), C (t) o~: (1) 

! 

z (t) = ~ o +  ~ ~ (t - to) ~ = ~o+  q~ (t), (2) 

l 

c (0 = Co + ~ ch (t - -  to) ~ = Co + ~ (0,  (3) 
k,= l  

Ot Ot 
c o ~ --~,oA/= div (q~ (t) V t) - -  ~ (t) 0--~- (4) 

Let the initial condition 

and the boundary conditions 

t l ~ = o =  to (5) 

~. (t) ~ - x  ~=o = - qo, (6) 

t l~=~ = to, (7) 

f o r  (4) a l so  be given.  
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Let t ing  

O(x, r) = t (x, r  x - 
R C o C o 

we m a y  wr i t e  Eq. (4) as  fol lows:  

i t 
O0 020 ' ~  1 - O~Ok+i - Z  1 - ao ~+i 

OFo ~ .  -- ~ ~ - ~  )~h ~ x  2 k ~ i  ch OFo 
k ~ t  k ~ l  

Accord ing ly ,  the c o n s t r a i n t s  will  b e c o m e  

0 tFo=O = O, 
l 

O0 z=o qoR ~ 1 g oo ~+~ 
To Z o~ z=o 

k = l  

(8) 

(9) 

(10) 

o I~-o = o. (I1) 

Apply ing  the i n t eg ra l  t r a n s f o r m a t i o n  

1 

T = .f 0 cos pnx dx (12) 
0 

to the s y s t e m  of Eqs .  (8)-(11),  we obta in  the non l inea r  f i r s t - o r d e r  o r d i n a r y  d i f f e ren t i a l  equat ion  in T 

l i cc 1 

dFo '%0 ~ ~h O"+lc~ x d x -  I k +  1 ~ ~ o  O~+~c~ (13) 
k ~ l  0 k ~ !  0 

with the z e r o  bounda ry  value:  

T {Fo=0 = O, 

w h e r e  gn a r e  the r o o t s  of the c h a r a c t e r i s t i c  equa t ion  

COS Pn ~ O, 

and the t e m p e r a t u r e  e x p r e s s e d  as  

= (? E r (Fo, 
k = l  

i s  ob ta ined  f r o m  the i n v e r s i o n  

(14) 

(15) 

(16) 

00 

0 = 2 Z r (Fo, n) cos ,Lt,~X, (17) 
r t= l  

c o r r e s p o n d i n g  to the i n t eg ra l  t r a n s f o r m a t i o n  (12). Equa t ion  (13) with the ini t ial  condi t ion (14) will  now be 
so lved  by  s u c c e s s i v e  a p p r o x i m a t i o n s .  As  the z e r o t h  a p p r o x i m a t i o n  we take the so lu t ion  to the equat ion  

with the in i t ia l  condi t ion 

dTo qoR 
. . . .  ~n2ro (18) 
dFo )% 

TolFo=0 = 0, (19) 

i ~  

To qoR 1 (1 ---- X0 ~t~ --exp[--~t~oFO]). 

I n s e r t i n g  this  into the r i g h t - h a n d  s ide  of Eq. (13), we obta in  the l i n e a r  d i f f e r en t i a l  equat ion  

(20) 

dT1 
dFo 

l I 

qo +  Tl= Z ~o ' ~ ,  ~ h 00 cos~,, ,xdx 
k ~ l  0 

t I 

- -  k - - ~  ~'~ ~ o  ~os ~ , x  dx, 
k = l  0 

(21) 

s00 



whose solution with the initial condition 

Ti[Fo=0 = 0 

represents the first approximation to Eq. (13). 

Continuing this process, we obtain the solution to the i-th approximation in the form 

T i (Fo, ni) = - - . ~  q~ 1 (1 - -  exp [-- ~x-~iFo]) 

l F o  1 

k = l  0 0 

l F o  I 
1 - dO k+i 

+ Z k---~ c~ ,f j'd~o cos~% exp [bt:~Fo] dxdFo, 
k ~ l  0 0 

where  /Zni a r e  the roo t s  of the c h a r a c t e r i s t i c  equat ion 

cos ~n i = O. 

F r o m  he re  the inve r s ion  fo rm u l a  

(22) 

(23) 

(24) 

0/(x, Fo) = 2 ~ Ti(&, Fo) cospnix, (25) 

y ie lds  the final solut ion to the i - th  app rox ima t ion  in the f o r m  

O, (x, Fo) . . . . .  00 (.~-, Fo) + ~fi,i (x, Fo) + .. + ,~-*(~ &,~t*"7 Fo) -- +c~--*(~)f~#(x,- Fo), (26) 

where  fm,i(x,  Fo),  q)(i), and ~(i) a r e  funct ions d e t e r m i n e d  f r o m  solut ion (25) with m > 2k. Solution (26) 
will  be ca l led  a f o r m a l  solut ion,  s ince  it is not feas ib le  to p rove  the equal i ty  

lira 0 i (x, Fo) = 0 (x-, Fo) (27) 

on accoun t  of its unwie ld iness .  We will show how solut ion (23) can be used  for  de t e rmin ing  the t h e r m a l  
eonduet iv i t ies  and the spec i f ic  heat .  We a s s u m e  that the t e m p e r a t u r e  field at point  ~ = 0 is known f r o m  
tes t s .  Then se t t ing  up a s y s t e m  of m a l g e b r a i c  equat ions  fo r  point  ~ = 0 with Fo = Fol ,  F o 2 , . . . ,  F o m ,  

0~ (o, Fo0 = 0o(0, Fo0 + ~d.~ (0, Fo0 + . . "  + c*~<~ (0, Fo0, 

0 i (0, F%) = 0o(0, F % ) +  ~f~,~ (0, F%)+ .  "-T--- 7r ~ t~d (0, F%), (28) 

o~(o, Fo~)=0o(0, F%) +-id~,~ (0, Fore) + . - -  +~*")fm ~ (0, Vo~) 

and applying to them the C r a m e r  rule ,  we find only the cons tan t s  Xl, X 2 . . . . .  Xk; el, e 2 , - . . ,  Ck, because  

it is not n e c e s s a r y  to d e t e r m i n e  the cons tan t s  ~ ( i ) ,  Ck ~(i)- and all  the i r  poss ib l e  combina t ions  fo r  this p a r -  

t i cu la r  ease .  A s s u m i n g  )t o and e 0 to be. given,  f r o m  cons tan t s  Xk, Ck we find cons tan t s  k k, e k within an 
a c c u r a c y  defined by the condi t ion that 

lira I 0~ (x, Fo) - -  0~_~(x, Fo) ] = 0 (29) 

at any point  M(~, Fo).  Inse r t ing  the value for  X k and e k into Eqs.  (2) and (3), we find the sought  t e m p e r a -  
t u r e - d e p e n d e n e e  of  t h e r m a l  conduct iv i ty  and spec i f i c  heat .  

We will  now ana lyze  the ease  where  the t e m p e r a t u r e - d e p e n d e n c e  of t h e r m a l  conduct iv i ty  is a s s u m e d  
given and the t e m p e r a t u r e  drop  f r o m  point  ,~ = 0 to point  ~ = 1 is negl igible  at any ins tan t  of t ime.  Then,  
with the subs t i tu t ion  

t 

o = 1 I z (t - -  to) d ( t - -  to) (30) 
)% . 

to 

and cons ide r i ng  that  the t h e r m a l  di f fus ivi ty  v a r i e s  a c c o r d i n g  to 

a (0) = ao - -  A0, (31) 
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w e  m a y  r e w r i t e  E q s .  ( 8 ) - (11 )  a s  

00~ 020i - 0 2 0 , _ ~  

0Fo -- Ox 2 - AO~-z ~ , 

0ilvo=o = 0, 

00, 7=o qoR 
Ox ~ o '  

0~]7. =l = 0, 

w h e r e  A = A / a o .  

T h e  s o l u t i o n  to  sys tems ( 3 2 ) - ( 3 5 )  a t  p o i n t  ~ = 0, (Tr2/4)Fo -- 1 y i e l d s  

~o 

l~ -  8q - - ' ~  I ( I -  exp [ - - ( 2 n , -  I)2]) 
01 (0 ,  Fo) vo=l = rc--~- ,(2n 1 _ 1)2 

/ 

+ X Z X,.,., 
,"Zl : t  tZo=l no=l 

where 

o=(o, Fo)[ = ~  Z ( 2 n 2 - - 1 )  2 -~2Fo=I (1 - -  exp [ - -  (2n 2 - -  1)2]) 

rt2=l 

r zo 

- A .-V-) --~- ~ . a  P (% m.  n2) F, (n.  m.  n~) 
n2=l mt=[  nx=l 

22222 k - ~ - ]  - ~  ( 2 n o -  1) 2 
na=l m1=l nx=l no=l nO= I 

•  o, n 0, n l )  P ( n l ,  ml,  n2) F3(no, n o, nl ,  ml,  nz).  

1 ) 2 ( 2 n l  - -  (2m o - -  1) 2 
n2~l ttl~l tttt~l mo~l nto= 1 

• P (too, too, m l ) P  (nl, ml, n~.) F 4 (m o, m o, m 1, n 1, no_) 

2222222 _a , (N? ' !  (2m --I)2 
\ u2 ] ~3 (2m o -  t)(2n o -  I)' 

,z:=l ml=I rno=l mo~l [nt =1" no=l %=1 

• P (%, m o, ml) P (no, no, nO P (% m.  n~) 

X F~(no, n o, nl, too, m O, ml, n2), 

q - -  qoR 
- - ~ o '  P (no, ,z;, nO 

sin - -  (2n o 4- 2n 0 - -  2nt - -  1) sin ~ (2n o -I- 2nl - -  2no - -  I) 
2 2 

2n o + 2nO - -  2n 1 - -  1 -~ 2ts + 2n 1 - -  2n o - -  I 

+ 

P ( n l ,  m l ,  n 2 ) a n d  P ( m o ,  m ; ,  m l) a r e  d e f i n e d  a n a l o g o u s l y  

5% ~'I 
sin - - ( 2 n  I + 2n o -  2n o - -  t) sin - -  

2 2 + 
2n 1 + 2 n  o - 2 n o  ' - -1  

(2no -k- 2n o + 2nl  - -  3) 

2n o + 2no + 2hi - -  3 

F, (no, nO, n l ) =  
1 

t o l ) ' 2 n ' - -  "'2 (exp [ - -  (2no - -  1)21 - - e x p  [ - -  (2n 1 - -  1)21) 
(2nl 1) 2 - -  

I (exp [ - -  (2n o .  1) 2 - -  (2n o - -  1)21 - -  exp [ - -  (2n I - -  1)21); 
(2n I -- I) 2- (2n o- i) 2- (2n; -- I) 2 

(32) 

(33) 

(34) 

(35) 

(36) 

(37) 

(38) 

(39) 
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w h e r e  the t e r m s  F2(n ~, m 1, n2), F3(n o, no, nl ,  m 1, n2), F d m o ,  m; ,  m 1, n 1, n2), Fs(n o, n o , nl, m o, m~, m l ,  n2) 
wi l l  not be  w r i t t e n  out  e x p l i c i t l y  b e c a u s e  of t h e i r  u n w i e l d i n e s s .  

Solutions (36)-(37) indicate that the t e rms  under the summation signs do not depend on test values. 
T h e r e f o r e ,  they  can  be  c a l c u l a t e d  b e f o r e h a n d  fo r  any g iven  e a s e .  F o r  i n s t a n c e ,  in ou r  c a s e  (~ = 0, 
0r2/4)Fo = 1) t h e s e  t e r m s  w e r e  c a l c u l a t e d  on a M i n s k - 2 2  c o m p u t e r :  

0~(0, Fo) l . :  o= = ~ r  ~ 1- 

(1o_ (0, Fo)[@vo=l = 8@~ q~ __ 
W- 

_:. ~?('8q-t3 1 q) (Sq" ~t a ( 8q-l* I 
az / ~2 \ - ~ - /  - ~ -  ~, (41) 

wi th  r  = 0.8645563, ~2 = 0.4184884, 4~ 3 = 0.2123646, �9 4 = 0.3629164, q~5 = 0.1836947. F o r  m o s t  m a t e r i a l s  
one m a y  l e t  8q/-~ 2 = 50 and A = 0.002 so tha t  A3(8q/-~2)4(t/-fi)~ 5 = 0.000296. Th i s  shows  tha t  f o r m u l a  (41) 
i s  s u i t a b l e  fo r  d e t e r m i n i n g  the t h e r m a l  d i f f u s i v i t y  wi th  an a c c u r a c y  e n t i r e l y  s a t i s f a c t o r y  fo r  a l l  p r a c t i c a l  
p u r p o s e s .  

In an e x p e r i m e n t  wi th  an in f in i t e ly  l a r g e  p l a t e  R = 11.22 m m  th ick  and m a d e  of p o t y m e t h y l m e t h a c r y -  
l a t e  (dens i ty  t~ = 1282 kg /m3) ,  a o = 1 . 0 8 3 3 5 . 1 0  .7 m t / s e c  and X ( t - t  0) = 0.181605 + B( t - t0 )  W / r e .  ~ the 
va lue  of 8q /v  2 was  59.654424. On the b a s i s  of t h e s e  da ta ,  the f i r s t  and the s e c o n d  a p p r o x i m a t i o n  to A w e r e  
found r e s p e c t i v e l y  f r o m  the l i n e a r  and the q u a d r a t i c  equa t ion  in A of  (41), i . e . ,  

/ i t =  10-3.2.208, ~L_ = 10-~.2.187, 

and f r o m  h e r e ,  t ak ing  into accoun t  e x p r e s s i o n s  (26) and (27), we have  the t h e r m a l  d i f fu s iv i ty  a s  a func t ion  
of  the t e m p e r a t u r e :  

[ 1 B(t-- to)  ~ ] (42) a(t--t.)=ao 1- -~( t - - to )+  2~.o 

w h e r e  B :-- 0.000277 and t o = 7~ which a g r e e s  wi th in  5% with  the da t a  ob t a ined  at  the VNIIM. Cont inu ing  
in th is  m a n n e r ,  one can f ind coe f f i c i en t  Ai  f r o m  the so lu t i on  0i(0, Fo)l  0r2/4)Fo=~ wi th in  an a c c u r a c y  de f ined  
by  cond i t i on  (29). 

T h i s  e x a m p l e  shows  tha t  in o u r  c a s e  i t  s u f f i c e s  to f ind A2. We note tha t  the p r o p o s e d  m e t h o d  is  a p -  
p l i c a b l e  a l s o  w h e r e  the t h e r m o p h y s i c a l  c h a r a c t e r i s t i c s  of s o l i d  c y l i n d e r s  o r  s p h e r e s  a r e  to be  d e t e r m i n e d  
in e i t h e r  a o n e - d i m e n s i o n a l  o r  a t w o - d i m e n s i o n a l  a n a l y s i s  of the p r o b l e m .  
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